By means of an expression with a kind of integral operators, some properties of the weighted Hadamard-type singular integrals are revealed. As applications, the solution for certain strongly singular integral equations is discussed and illustrated.
Introduction
The concept of Hadamard-type singular integrals was first introduced by Hadamard [1] , and then developed and adopted in applications by many authors (see [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] ). This type of integrals is expressed as
and its general definition can be found in Lu [11] , where Γ = ab is an open smooth curve on a complex plane, f ∈ C m+1 (Γ), and m is a positive integer. Although from f.p.
we would get some characteristics of this type of integrals, many of them such as mapping 2 Abstract and Applied Analysis properties still need to have a further investigation, especially for its "weighted type":
where w(t) is an integrable function. In many cases, w(t) is a fundamental function derived from some mixed boundary problem and therefore may not be smooth enough or even have certain singularities (see [6, 10, 14] ). It is found that Hadamard-type singular integrals can be expressed effectively by a kind of integral operators which we will define and discuss in the next section. So, in Section 3 of the present paper we directly use this expression as the definition of Hadamard-type singular integrals and it appears that the definition is more advantageous than the traditional one. In this paper, some useful results are developed and then in the final section we use them for the solution of certain strongly singular integral equations. Meanwhile, we illustrate some examples as well.
Throughout the paper we always assume that m is a nonnegative integer; Γ is an open smooth curve on the complex plane oriented from the point a to the point b, and c 0 is a fixed positive constant such that for all t 1 ,t 2 ∈ Γ, the arc length | t 1 t 2 | ≤ c 0 |t 1 − t 2 |; as usual, C(Γ) and C m (Γ) denote the spaces of continuous and m-times continuously differentiable complex-valued functions on Γ, respectively, ψ ≡ max t∈Γ |ψ(t)|, ψ C m ≡ m k=0 ψ (k) , and the modulus of continuity for ψ ∈ C(Ω) is denoted by ω(ψ,x), where Ω = Γ or Γ × Γ; for convenience, each absolute constant is denoted by c but takes different values in different places. And, if there is no confusion, we will omit the symbol Γ in some notations of function classes such as C(Γ) and C m (Γ), and so forth.
Some integral inequalities
It is clear that the kind of integral operators introduced in [15] has a close relation to Hadamard-type integrals. Here we restate their definition as follows.
Definition 2.1. Let w and ϕ be integrable functions on Γ and assume ϕ is m times differentiable at t 0 ∈ Γ. If the integral
exists, then we denote it by T k (w,ϕ)(t 0 ), where
and k = 0,1,...,m. If k = 0, T k is written as T.
In this section, we will mainly discuss this kind of operators in some smooth function classes, which are given by the following definition. 
where ω γ (ϕ,x) = max{|ϕ(t ) − ϕ(t )| : |t − t | ≤ x, t ,t ∈ γ} and n is a positive integer. For differentiable function classes, we let
, it means that f is an integrable function on Γ and there is a neighborhood ᏻ ⊂ Γ of t 0 such that f ∈ C m (ᏻ) or f ∈ Λ m n (ᏻ). Some properties of modulus of continuity will be used repeatedly and we list them in the following lemma. Their proofs are trivial (cf. [16, Chapter 3] 
Then it is easy to verify that
is differentiable when k = 0,1,... or m − 1 and T m ϕ is integrable. Furthermore, we have the following theorem.
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where w Λ1 = w + 1 0 (ω(w, y)/y)dy and c is a positive number related to m and Γ. Proof. It is equivalent to prove that for t 1 
if w is bounded and
(2.13)
Because of the similarity, we assume |t 1 − a| > δ and |b − t 2 | ≤ δ. In this case, from (2.10)
(2.14)
If we let
Yong Jia Xu 5 for k = 1,2,...,m, therefore
If w is bounded, then, by some computation, we have
On the other hand, by (2.10), 
we have
if w is bounded, where we have used the inequality (2.7), or We rewrite I 1 + I 3 as i 1 + i 2 , where 
and thus (2.9) and (2.10) are also valid. Now we have proved that (2.9) and (2.10) are true in all cases and the constant c > 0 depending on m and Γ can be derived from the process of the proof.
The proof is completed.
Generally, for T k , k = 0,1,...,m, we have the following results.
Theorem 2.5. Assume w, ϕ, and wϕ are all integrable and t 0 ∈ Γ. If w is bounded on some neighborhood of t 0 on Γ and ϕ ∈ Λ m 1 (t 0 ,Γ), then T(w,ϕ) is m-time continuously differentiable at t 0 and
for k = 1,2,...,m.
Proof. It is obvious that (2.40) is true for k = 1,2,...,m − 1. So, we need only to prove
and T m (w,ϕ) is continuous at t 0 . According to the given conditions, there is a subarc γ ⊂ Γ with t 0 ∈ γ but t 0 ∈ Γ \ γ 0 such that w is bounded on γ and ϕ ∈ Λ m 1 (γ), where γ 0 denotes the inner points of γ. Write T m−1 (ϕ) as
(2.42)
Then I 1 (t) is continuously differentiable at t 0 and
For I 2 , we consider γ\ t0t
44)
Yong Jia Xu 9 where t ∈ γ and, without loss of generality, we assume t 0 ≺ t. Notice that where w γ = max t∈γ |w(t)| and δ = |t − t 0 |. If τ ∈ t 0 t, then |τ − t| ≤ c 0 |t − t 0 | and |τ − t 0 | ≤ c 0 |t − t 0 |, and from (2.10), Since ϕ (m) ∈ Λ 1 (γ), (2.46), and (2.48) result in i 1 ,i 2 → 0 when t → t 0 , it follows that
On the other hand, according to Theorem 2.4, γ w(τ)Ψ m (τ,t)dτ is continuous on γ because w is bounded on the subarc and ϕ ∈ Λ m 1 (γ). Now we have proved that T m−1 (w,ϕ) is differentiable at t 0 and there holds (2.41).
The following corollaries can be verified easily. where n is a positive integer and · Λ m n is defined by
(2.52)
Remark 2.8. The space Λ m n normed by · Λ m n is a Banach space and thus the above corollaries imply that, if the "weight" w is bounded, then T(w,·) ∈ ᏸ(Λ m 1 ,C m ) and T(w,·) ∈ ᏸ(Λ m n+1 ,Λ m n ) for n ≥ 1, where ᏸ(X,Y ) denotes the space of all bounded linear operators from Banach space X to Banach space Y . Remark 2.9. Generally, the inequality (2.12) is called Zygmund-type inequality. In this case, if we consider the operator in C m,λ , then T(w,·) ∈ ᏸ(C m,λ ) ≡ ᏸ(C m,λ ,C m,λ ), or in detail,
where C m,λ is the space of functions in C m whose mth derivative satisfies a Hölder condition with exponent λ ∈ (0,1), and its norm is defined by [15] and [17, Chaptre II, Section 6]). The positive constant c in inequality (2.53) depends only on m, λ, and Γ.
Weighted Hadamard-type singular integrals
In this section, we start from the definition of a basic Hadamard-type or finite-part integral, and then give an expression for general ones by means of singularity deletion method (cf. [7, 11] ). For convenience, we denote the Hadamard-type integrals of the form (1.3) by H m (w, f )(t).
Definition 3.1. For t 0 ∈ Γ 0 , the Hadamard-type singular integral or finite part f.p.
If letting h 0 (t) = p.v. Γ (1/(τ − t))dτ, t ∈ Γ 0 , where p.v. means Cauchy principal value, then we have h 0 (t) = ln((b − t)/(t − a)) and f.p. 
where h r (t) = f.p. Γ (1/(τ − t) r+1 )dτ with r = 1,2,....
According to Theorem 2.5, if f ∈ Λ m 1 (t 0 ,Γ) at t 0 ∈ Γ 0 , then T m (1, f ) exists on some neighborhood of t 0 and T m (1, f ) ∈ C(t 0 ,Γ) as well. Thus, from (3.3), we obtain the following.
Theorem 3.3. If f ∈ Λ m 1 (t 0 ,Γ), then H m (1, f ) ∈ C(t 0 ,Γ), where t 0 ∈ Γ 0 . As a special case, we have the following. 
4)
where r = 0,1,.... Now we consider "weighted" Hadamard-type integrals of the form H m (w, f ).
